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Abstract—The parameters of the transmission lines are used in 

several monitoring and control tools of the power system control 
center. An accurate knowledge of the power system model 
(including transmission lines impedances) impacts positively the 
situational awareness of the power system operators. It also 
improves the protection and corrective measures that may be 
applied in case of a disturbance. Nevertheless, line parameters that 
are stored in the control center database are typically subjected to 
errors and therefore it is necessary to regularly refine them. The 
presence of a Phasor Measurement Unit (PMU) at both ends of the 
transmission line allows the calculation of the transmission line 
parameters using synchronized current and voltage phasor 
measurements. Although the use of PMU measurements is a 
straightforward way to calculate the transmission line parameters, 
the uncertainty of the synchronized phasor measurements should 
be incorporated to the calculated transmission line parameter 
values. In this paper, an analytical expression for the bounds of the 
calculated transmission line parameters from PMU measurements 
is derived, considering both instrument transformers and PMU 
errors. The calculated bounds of uncertainty are evaluated 
through Monte Carlo simulations while the importance of 
knowing the bounds of the calculated line parameters is 
underlined through the derivation of Power-Voltage (P-V) curves 
considering the lower and upper bounds of the parameters. 
Simulation results are obtained using the IEEE 14-bus system.      
 

Index Terms—Instrument transformers, measurement 
uncertainty, network model, phasor measurement unit, 
transmission line parameters 
 

I. INTRODUCTION 
HE software tools in modern power system control centers 
rely heavily on the a priori knowledge of topology and 

network parameters. Unlike the topology of the system that 
might change throughout the day, the transmission line 
parameters are considered time invariant and they are stored in 
the control center databases. The stored values of the 
transmission line parameters are usually derived from 
manufacturers’ data and typical line configurations. Although 
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in an ideal environment such a procedure would derive 
impedance values very close to the actual ones, this is not the 
case in the real field. Environmental factors (i.e.,  temperature 
and soil resistivity) [1], modelling inaccuracies such as those 
used for parallel transmission lines and joints of overhead 
transmission lines that may be connected to underground 
cables, and human factors (unreported changes in the network 
connectivity or line length miscalculation) cause the deviation 
of the stored line parameters values from the actual ones [2]. 
Some surveys have shown that the error between the stored line 
parameters (and consequently of the impedances) and the actual 
ones could be up to 30% [3].  Such errors could impact 
negatively the monitoring tools performance (sush as the state 
estimator), resulting to misleading information for the power 
system operators [4].  

Several methodologies were proposed in the literature to 
identify and estimate the erroneous transmission line 
parameters stored in the control center [5], [6], [7]. The majority 
of the methodologies are based on the estimated states of the 
system provided by the state estimator, while high measurement 
redundancy is required to successfully estimate all the 
erroneous transmission line parameters [8]. With the advent of 
Synchronized Measurement Technology, and the installation of 
PMUs in the measurement layer of power systems, information 
about the transmission line parameters can be updated through 
computations of simultaneously acquired measurements of 
voltages and currents. One could argue that the use of waveform 
samples (time-tagged) could be an alternative solution to the 
PMU measurements. However, due to the geographically-
dependent frequency deviation in modern electricity grids with 
high share of RES-based generation, there is an imperative need 
for synchronously measured voltage and current phasors. In 
such case, a PMU is required at either end of the transmission 
line. Although, the presence of a PMU at either end of all the 
transmission lines in a power system is unusual today, electric 
utilities could identify suspicious transmission lines with 
erroneous parameters and install periodically mobile PMUs for 
calculating their parameters [9]. 
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The calculation of the line parameters through PMU 
measurements is trivial and straightforward [10]; however, it is 
important to consider the uncertainties of the measured 
quantities in the calculation process [11]. According to [12], the 
knowledge about the uncertainties of the measured quantities 
can be utilized for calculating the bounds of the calculated 
parameters. Such information can be used in contingency 
analysis for assessing the power system operating conditions in 
case that actual line parameter values are close to the bounds 
[13]. Furthermore, the line parameter bounds can be used as 
settings in protection devices (i.e., impedance relays) or current 
differential protection schemes [14]. 
 Some works have dealt with the uncertainties associated with 
the calculated parameters through PMU measurements. In [14], 
the range of the transmission line parameter variation is 
estimated through a multivariable optimization problem, 
considering only the uncertainties that are introduced to the 
measured synchrophasors by the PMU. In [15], the authors 
proposed a two-stage optimization problem to reduce the 
deviations in the calculated line parameters (from their nominal 
values) caused by the systematic errors that are introduced to 
the PMU measurements by the instrument transformers.  

The estimation of the line parameters is also gaining attention 
in the distribution grid. In [16], the data from μPMUs were used 
for estimating the parameters of the distribution lines and the 
transformers and for identifying any inconsistencies between 
the model and the calculated parameters. The modeling 
uncertainties in the state estimation of the distribution grids 
including the uncertainties of the line parameters are considered 
in [17]. In [18], both systematic and random errors are 
considered for the estimation of the line parameters in the 
distribution grid, including the uncertainties of the instrument 
transformers and PMUs. 
 In this paper, analytical expressions of the uncertainties 
associated with the calculated line parameters through PMU 
measurements are derived. The expressions are derived by 
taking into consideration the maximum measurement errors of 
both the instrument transformers and the PMU. The 
consideration of the instrument transformers errors and 
especially the ones of the current transformers is very important 
for the calculation of an uncertainty close to the actual one. In 
particular, as it was shown in [19], the error of the line 
parameters calculated through PMU measurements varies 
according to the loading conditions of the system. This is due 
to the variation of the maximum error of the current 
transformers depending on the current that passes through them. 
Therefore, both voltage and current transformers’ errors as well 
as PMU errors are considered in this paper, in order to derive 
the analytical expression of the uncertainties associated with the 
calculated line parameters. The bounds derived by the 
calculated uncertainties are validated through Monte-Carlo 
simulations, while they are used to extract P-V curves for the 
IEEE 14-bus system. 
 The rest of the paper is organized as follows: Section II 
describes briefly the way of calculating transmission line 
parameters through PMU measurements, while the 
measurement uncertainties associated with the PMU 

measurements and the way of calculating the uncertainties of 
the line parameters are described in Section III. Simulation 
results for validating the calculated line parameter uncertainties 
and the usefulness of knowing the line parameter bounds are 
shown in Section IV, while Section V concludes the paper.                  

II. CALCULATION OF LINE PARAMETERS THROUGH PMU 
MEASUREMENTS 

Transmission lines are represented as an equivalent pi model 
in most of the monitoring tools of the power system control 
center (i.e., state estimator, power flow analysis, transient 
stability analysis). The corresponding model that is shown in 
Fig. 1, is described by four parameters, namely the series 
conductance (gsr), the series susceptance (bsr), the shunt 
conductance (gsh), and the shunt susceptance (bsh). It should be 
noted that the shunt conductance is negligible and it is usually 
omitted from the pi model. Given that synchronized current and 
voltage phasors are available from the two ends of the line 
through PMUs, the series admittance ysr (including both the 
series conductance and susceptance) and the shunt admittance 
ysh are calculated as, 
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where sV~  and rV~  are the voltage phasors of buses s and r 
respectively while sI~  is the current phasor that flows from bus 
s and rI~  is the current phasor that arrives to bus r as shown in 
Fig. 1. 

 
Fig. 1. Transmission line representation as a pi-model 
  
 By expressing the voltage and current phasors in rectangular 
form and substituting them in (1) and (2), the line parameters 
are expressed as a function of the voltage magnitude (V), the 
voltage angle (φ), the current magnitude (I), and the current 
angle (θ), 
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rsVIA =  (6) 

srVIB =  (7) 

srsc φφθ 2−+=  (8) 

srd θφ −=  (9) 

srh φθ −=  (10) 

srrl φθφ −−= 2  (11) 

The subscripts s and r in the above equations stand for the 
sending and receiving bus respectively of the transmission line. 
All the quantities that are used for calculating the transmission 
line parameters can be obtained through PMUs and 
consequently are subjected to measurement uncertainties. 

III. MEASUREMENT UNCERTAINTIES OF A PMU 
MEASUREMENT CHAIN AND CALCULATION OF LINE 

PARAMETER UNCERTAINTIES 
The uncertainties associated with a measurement are 

introduced by the equipment used for obtaining the 
measurement, when the phenomena are following the abstract 
model used by the measurement system. In this work the model 
uncertainties are ignored, considering only the instrument 
uncertainties. In order to verify this assumption, the line 
parameters of the IEEE 14-bus system are represented with two 
different line models, namely the pi-model and the distributed 
line model. The voltage magnitude and voltage angle of the 
buses (extracted from the simulation) for the two models of the 
line are compared in order to realize the modelling error. The 
maximum bus voltage magnitude deviation (bus 5) is 1.36x10-

4 p.u., while the maximum voltage angle deviation (bus 3) is 
0.037 degrees. The average voltage magnitude deviation 
(considering all the buses) is 5.9x10-5 p.u., while the average 
angle deviation is 0.023 degrees. This confirms that for the 
purposes of the work presented in this paper, the modelling 
uncertainties can be ignored.   

 As it is shown in Fig. 2, in the case of the PMU 
measurements, two main components exist in the measurement 
chain, namely the instrument transformers and the PMU. The 
instrument transformers are used for stepping down the level of 
the grid voltage and current to an acceptable level before 
entering the PMU. Thus, in most of the PMU measurement 
chains with PMUs that require instrument transformer inputs 
(except the ones that PMUs are connected to merging units) 
there is always a voltage and a current transformer that are 
connected to the PMU through cables.   

 

 
Fig. 2. PMU measurement chain  

 

Both components of the PMU measurement chain introduce 
an uncertainty to the obtained measurement which can be 
evaluated through two ways: The Type A and the Type B 
evaluation method [12]. In the Type A evaluation method, the 
uncertainty is approximated from the repeated observations of 
the measurement process under the same operational and 
environmental conditions. However, the Type A evaluation 
method cannot be applied to the power system field since the 
operating conditions change continuously.  

In the Type B evaluation method, the measurement 
uncertainty is approximated through the information provided 
by the manufacturers of the measurement chain components. In 
particular, for the accurate calculation of the standard 
uncertainty associated with the measurement chain in Fig. 2, the 
measurement errors are treated as random variables whose 
distribution for each component (i.e., instrument transformers 
and PMU) should be known. This is because the measurement 
uncertainty is the variance of the error distribution. According 
to the GUM, the uncertainties of a calculated quantity can be 
used for specifying the bounds of the respective quantity. More 
specifically, in order to include a large portion of the 
distribution of values that could be attributed to the calculated 
quantity, the expanded uncertainty can be used to define an 
interval that the calculated quantity lies. In order to calculate 
the expanded uncertainty a coverage factor k that usually takes 
values from 2 to 3 is used.   

However, the manufacturer data sheets of both the instrument 
transformer and the PMU, report only the error bounds without 
any explicit information about the distribution of the error. In 
such case, a uniform error distribution should be assumed 
according to the GUM (Guide to the expression of Uncertainty 
in Measurements). In this sense, the PMU measurements can be 
expressed as, 
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where, 
)(•unif denotes the symmetric uniform distribution with zero 

mean value whose limits are specified in the parenthesis. In the 
expressions (12)-(15) a random sample from the uniform 
distribution is used for adding random errors in the PMU 
measurements.  
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maximum errors, while   , ,, θφθφ
PMUPMUCTVT eeee , are the voltage 

and current angle maximum errors. It should be noted that the 
maximum voltage and current magnitude errors are expressed 
as a percentage. Therefore, in (12) and (13) the voltage and 
current magnitudes of the network (V/Inetwork), which are the 
error free quantities (Fig. 2), enter in the measurement chain 
and therefore they are multiplied by a random sample from the 
two uniform distributions (PMU and ITs). Furthermore, the 
measured voltage and current magnitudes are approximately 
equal to the expressions in (12) and (13). This because the 
product of the uniform distributions that should exist in (12) and 
(13) would result in a very small number that could be 
neglected. According to [20], this assumption is valid since the 
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multiplication of the error of the ITs with the PMU, results in a 
term that is 200 times smaller than the addition of the errors. 
This makes the measurements performed by instrument 
transformers and by the PMUs to be independent and their 
contribution to the overall uncertainty to be additive. However, 
in the case that a more detailed measurement chain is 
considered, this independence of components in the 
measurement chain might not be valid. It should be noted 
though that the instrument transformers and the PMUs are the 
measurement chain components that introduce the largest error 
to the measurements.   
 From (12)-(15) it can be seen that if the error is treated as a 
random variable, then the total error introduced to the PMU 
measurements (from the two components) is the sum of two 
uniform distributions with different bounds. In this sense, the 
random variable that will represent the total error introduced 
from both components will follow a trapezoidal distribution 
[20] whose shape is shown in Fig. 3. It should be noted that the 
trapezoidal distribution is valid for all types of PMU 
measurements (magnitude and angle of voltage and current). 
Additionally, as it is shown from (12)-(15) the voltage and the 
current in the PMU measurements are assumed independent in 
this work and consequently their uncertainties will be 
uncorrelated. This assumption is valid since completely 
different voltage and current measurement channels are used in 
most of the industrial PMUs.      

        

 
Fig. 3: Trapezoidal distribution of the PMU measurement chain error 
  
 According to [21], the variance of the trapezoidal distribution 
is calculated as, 
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Based on (17)-(20) the overall error introduced to the PMU 
measurements follows an isosceles trapezoidal distribution with 
known limits. Therefore, the calculation of the error variance 
will provide the overall uncertainty of each type of 
measurements provided by the PMU measurement chain. By 
substituting (17)-(20) into (16) the overall uncertainty of the 
PMU measurement chain for each type of measurements is, 
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where ITe  is the maximum error of the instrument transformer 
(either voltage or current transformer) for all the types of 
measurements, while PMUe is the maximum error of the PMU 
for all the types of measurements (magnitude and angle of 
voltage and current). It should be noted that (21) shows that the 
total squared uncertainty of the PMU measurements is the sum 
of the squared uncertainties of the two individual uniform 
distributions (PMUs and ITs), when no correlation between the 
instrument transformers and the PMUs is assumed.  

Since the uncertainties of the measurements used for 
calculating the transmission line parameters can be obtained 
through (21), it is possible to approximate the uncertainties 
associated with the calculated line parameters according to the 
law of propagation of uncertainty [12]. Therefore, by assuming 
that the types of measurements provided by a PMU are 
uncorrelated, the combined standard uncertainty of the 
transmission line parameters can be calculated as,     
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where, 
p represents the type of the line parameter (gsr, bsr, gsr) whose 
uncertainty is calculated 
fp(m) is one of the equations (3)-(5) that are used for calculating 
the line parameters using PMU measurements 

[ ]rsrsrsrs IIVV θθφφ=m   
Through (22), the combined standard uncertainty of each line 
parameter can be calculated analytically. The partial derivatives 
for obtaining the analytic expressions of the uncertainties of 
each transmission line parameter are shown in the Appendix.  

Since the uncertainty of the calculated line parameters is 
known, the expanded uncertainty can be calculated as [12],  

kuU =  (23) 

where k is the coverage factor which usually takes value 
between 2 and 3. In this sense, the calculated transmission line 
parameters can be associated with their confidence interval 
through the expanded uncertainty as, 

UpPUp +≤≤−  (24) 

where,  
P is the actual line parameter value and p is the calculated line 
parameter. 
 The proposed analytical calculation of the line parameter 
uncertainty considering both instrument transformer and PMU 
measurement errors results to a variable uncertainty that 
changes according to the operating condition of the power 
system. More specifically, as it is shown in (21), the uncertainty 
of the PMU measurements depends on the error of both the 
instrument transformer and the PMU, which essentially vary 
throughout the day. In the case of the PMU, both the voltage 
and current magnitude error are expressed as a percent of the 
measurand; hence, since the voltage and current vary 
throughout the day, the limits of the uniform distributions in 
(12) and (13) will vary as well. The same is true for the case of 
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the voltage transformer whose error is also expressed as a 
percent of the measurand. In the case of the current 
transformers, the maximum magnitude and angle errors of each 
accuracy class vary according to the loading of the current 
transformer. In particular, as it is shown in Table I in which the 
maximum magnitude error and phase displacement of several 
current transformers accuracy classes are depicted [22], the 
current magnitude and angle errors of each accuracy class vary 
according to the percentage of the rated current. Therefore, the 
proposed analytical expressions for calculating the uncertainty 
of the transmission line parameters consider the variability of 
the errors both due to the variations of the magnitude of the 
voltage and the current and the variable maximum error of the 
instrument transformer according to its loading condition.  
 The calculation procedure of the line parameters and the 
uncertainty bounds might be affected in case of bad PMU 
measurements (i.e., zero values). Therefore, a preprocessing of 
the measurement sample to identify and eliminate any bad 
measurements is recommended prior to the calculation of the 
line parameters and their associated uncertainty bounds [23].  
  

TABLE I 
MAGNITUDE ERROR AND PHASE DISPLACEMENT - CURRENT TRANSFORMERS 

Class 

± Percentage of current error at 
percentage of rated current 

± Phase displacement at percentage 
of rated current (degrees) 

1 5 20 100 120 1 5 20 100 120 

0.1 - 0.4 0.2 0.1 0.1 - 0.25 0.133 0.083 0.083 
0.2S 0.75 0.35 0.2 0.2 0.2 0.5 0.25 0.167 0.167 0.167 
0.2 - 0.75 0.35 0.2 0.2 - 0.5 0.25 0.167 0.167 

0.5S 1.5 0.75 0.5 0.5 0.5 1.5 0.75 0.5 0.5 0.5 
0.5 - 1.5 0.75 0.5 0.5 - 1.5 0.75 0.5 0.5 
1 - 3 1.5 1 1 - 3 1.5 1 1 

IV. EVALUATION OF THE EXPRESSIONS FOR THE 
UNCERTAINTIES OF LINE PARAMETERS 

Without loss of generality, as an example, the analytical 
expressions that can be used for calculating the transmission 
line parameters uncertainty bounds are evaluated using the 
IEEE 14-bus system. The line parameters of the test system are 
calculated for a whole day through PMU measurements and 
consequently daily parameter bounds are obtained for a whole 
day. In order to have a more realistic representation of the real 
field conditions in the simulations, the actual line parameters 
are assumed to vary with the ambient temperature. In other 
words, the PMU measurements that are extracted for a whole 
day from the DigSilent software include the effect of line 
parameter variation due to temperature. In particular, the 
temperature varies between 24 oC to 39 oC following a daily 
pattern. The line parameters vary throughout the day with the 
ambient temperature as [13], 

( )[ ])(1)( oo TTaTRTR −+=  (25) 

( )[ ])(1)( oo TTTXTX −+= β  (26) 

where, 
To is the reference temperature, 20 °C; T is the ambient 
temperature; R(T), X(T) are the resistance and reactance of the 
line at temperature T respectively; R(To), X(To) is the resistance 
and reactance of the line at temperature To respectively; α, β are 

the temperature coefficients of the resistance and reactance 
respectively and they are equal to 0.00393 (assuming an 
aluminium conductor) [24]. The uncertainties of the calculated 
line parameters are derived through (22) for the three 
parameters of each line and are used for defining the bounds of 
the parameters of each transmission line throughout the day. As 
indicated in (24) the bounds of each line parameter are obtained 
by using the expanded uncertainty of each parameter. In this 
work and without loss of generality the coverage factor that is 
used for the expanded uncertainty is chosen to be equal to 2.   

A. PMU measurement generation 
The IEEE-14 bus system is implemented in DigSilent 

software in which the daily load variation of Fig. 4 is assumed 
(total load of the system). The increase or decrease of the total 
load (Fig. 4) is attributed to each load of the system according 
to its contribution (percentage) to the total load in the system. 
The percentage of each load is calculated based on the values 
of the loads that are given in [25]. The PMU measurements are 
generated for a whole day by extracting the actual voltage and 
current phasor network values from DigSilent every 2 minutes 
and then random errors from a uniform distribution were 
introduced to the actual phasor values, reflecting the 
contribution to the measurement quality of the instrument 
transformers and the PMUs. In particular, two random errors 
were added in the magnitude and two random errors in the 
phase of the phasors (voltage and current). It should be noted 
that three different instrument transformers of accuracy classes 
0.1, 0.2, and 0.5 are assumed, thus three different measurement 
sets (one for each IT class) are generated. The maximum errors 
of the three classes for the current transformers are shown in 
Table I, while the maximum errors for the voltage transformers 
are shown in Table II [26]. Moreover, the maximum errors of 
the PMUs are shown in Table III [27]. The maximum errors for 
the phase displacement of the PMU is obtained by assuming a 
Total Vector Error (TVE) equal to 1%. It should be noted that 
the maximum errors were used in the uniform distributions for 
generating the measurements obtained from a PMU 
measurement chain.   

  

 
Fig. 4. Load variation for the IEEE 14-bus system 
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TABLE II 
 MAGNITUDE ERROR AND PHASE DISPLACEMENT - VOLTAGE TRANSFORMERS  

Accuracy 
class ± Percentage of voltage error ± Phase displacement 

(degrees) 
0.1 0.1 0.083 
0.2 0.2 0.167 
0.5 0.5 0.333 
1 1 0.667 

 
TABLE III 

PMU MAXIMUM ERRORS 
Voltage magnitude PMU 

(%) 
Current magnitude PMU 

(%) 
Phase angle PMU 

(degrees) 

±0.02 ±0.03 ±0.54 

 
As it is shown in Table I, the maximum error varies with the 

loading condition of the current transformer. Therefore, the 
maximum error of the uniform distribution associated with the 
current transformer errors changes throughout the day 
according to the loading conditions of the current transformers. 
For instance, the limit of the uniform distribution (of current 
magnitude) for a current transformer of 0.5 accuracy class in 
the interval 16:00-20:00 will be 0.5%, while in the interval 
02:00-04:00 it will be 0.75%. The same is true for the phase 
error of the current transformers. It should be noted that the 
rated current of the current transformers is assumed to be 2 kA 
in the case studies. 

B. An evaluation of the uncertainty bounds of the line 
parameters through Monte Carlo simulations  

In order to evaluate whether the calculated line parameter 
bounds obtained by the calculated parameter uncertainties are 
representative for each line parameter, a Monte Carlo analysis 
is performed. In particular, a representative upper and lower 
bound for a parameter should enclose the line parameter that is 
calculated by the actual PMU measurements (containing any 
error that lies within the maximum and minimum error limits 
defined by the manufacturers). Therefore, each line parameter 
of the IEEE 14-bus system is calculated for 1000 times (Monte 
Carlo trials) for each accuracy class transformer. In each Monte 
Carlo trial random errors from the uniform distributions 
describing the measurement accuracy of the PMU and the ITs 
are introduced to the actual phasor values.  

Ideally, the 1000 trials for each line parameter should be 
within the parameter’s calculated lower and upper bounds that 
are obtained through (24). It should be noted that in each Monte 
Carlo trial the line parameters are calculated for the whole day, 
while the calculated bounds of the parameters for the whole day 
are obtained from one (the first) trial only. The number of 
Monte Carlo trials is determined as [28], [29], 

2)/( pskN =  (27) 

where s is the standard deviation of the initial sample of Monte 
Carlo trials without using (27), k is the coverage factor (in this 
work k=2), and p is the level of precision (in this work p=0.05). 
The factor p is implicitly chosen such that the trials (calculated 
parameters) from the Monte Carlo simulation will have an 
absolute error of 0.05 from the mean of the N Monte Carlo 
trials. In this work, initially 100 Monte Carlo trials were 
executed, and the initial sample variance is calculated. It is 
worth mentioning that the Monte Carlo analysis is used only for 

testing whether the calculated line parameters for 1000 times 
are within the derived parameter bounds. In other words, no 
Monte Carlo analysis is required for deriving the calculated 
bounds.       

Since the line parameters are unlikely to change within short 
time intervals, the same bound is used for every one-hour 
interval of the day. In particular, the bounds (in the first Monte 
Carlo trial) are calculated every 2 minutes (as the line 
parameters) as shown in (24). The maximum upper bound from 
the one-hour time interval (out of the 30 upper bounds) is 
chosen as the representative upper bound for the one-hour time 
interval (right hand side of (24)), while the minimum value 
from the one-hour time interval (left hand side of (24)) is chosen 
as the representative lower bound of the one-hour time interval. 
The above procedure for determining the daily bounds of the 
line parameters is followed in the first Monte Carlo trial for all 
the one-hour time intervals of the day. As it is aforementioned, 
the coverage factor k is equal to 2 for the calculation of the 
expanded uncertainty. In Figs. 5, 6, and 7, the bounds of the 
susceptance of the line that connects buses 9 and 14 of the IEEE 
14-bus system is shown in the cases that the susceptance is 
calculated when the PMU is connected to a 0.1, 0.2, and 0.5 
accuracy class transformer. The 1000 calculations of the line 
susceptance (with solid line and different colors) as well as the 
actual susceptance values are also shown in the three figures. 
As it is indicated in the three figures, the reported values for the 
bounds and the calculated parameters are in p.u. The base value 
for the susceptance (Figs. 5-7) is 5.74x10-3 S; thus in order to 
find the actual value, the p.u values of the susceptance should 
be multiplied with the base value.   

As it can be concluded from Figs. 5-7, the calculation of the 
expanded uncertainty for this line parameter through the 
proposed analytical expressions, considering both instrument 
transformer and PMU uncertainties, represents adequately the 
bounds of the calculated parameters. Furthermore, the 
calculated bounds of the susceptance differ according to the 
instrument transformer that is used in the PMU measurement 
chain. In particular, the bounds in the case of the 0.5 accuracy 
class transformer are larger than in the cases of 0.2 and 0.1 
accuracy class transformers. This verifies that the analytical 
expression for the uncertainties of the calculated parameters can 
provide valid information regarding the accuracy of the 
calculated parameters according to the instrument transformers 
of the measurement chain. It is also worth mentioning that the 
bounds vary throughout the day indicating the best periods of 
the day that the line parameters can be calculated with less 
uncertainty. These periods are actually in line with the periods 
of the day with high loads, due to the smaller errors of the 
current transformers when they are fully loaded. 

In Table IV, the number of times that the calculated 
parameters (i.e., series conductance and susceptance, and shunt 
susceptance) of all the lines of the IEEE 14-bus system are out 
of the calculated bounds in 1000 Monte Carlo trials are 
tabulated. It should be noted that the number of line parameters 
that should be calculated in the IEEE 14-bus system is 40 
(excluding transformers). Each line parameter is calculated for 
one day for 1000 times and the time instants throughout the day 
that are out of its bounds are counted. 
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Fig. 5. Susceptance of line connecting buses 9 and 14 from a measurement chain 

with 0.1 instrument transformers 
 

 
Fig. 6. Susceptance of line connecting buses 9 and 14 from a measurement chain 

with 0.2 instrument transformers 
 

 
Fig. 7. Susceptance of line connecting buses 9 and 14 from a measurement chain 

with 0.5 instrument transformers 
 
In the case of the 0.5 accuracy class transformer, in only 1230 

time instants from 28.8x106 time instants (40 parameters 
multiplied by 1000 Monte Carlo trials, multiplied by 
24x60/2=720 time instants of the day, where a 2-minute time 
granularity has been considered) the calculated parameters were 

out of the calculated bounds. In other words, only 0.004% from 
all the line parameter calculations over one day, were not 
enclosed by the calculated bounds. The time instants that the 
line parameters were out of the bounds in the case of 0.2 
accuracy class transformers were 266 (0.001% over all the line 
parameter calculations for one day), while in the case of 0.1 
accuracy class transformers the time instants that the 
parameters were out of the calculated bounds were 79 (0.0003% 
over all the line parameter calculations). Through this analysis 
it can be concluded that the calculated bounds represent 
extremely accurately a large sample of the calculated line 
parameters throughout the day. This shows the validity of the 
calculated bounds since for only a negligible percentage of time 
instants the calculated parameters were out of bounds in 1000 
Montel Carlo trials. Furthermore, in order to provide insights 
regarding the applicability of the uncertainty propagation law 
used in (22), the standard uncertainty that is calculated through 
(22) in one of the Monte Carlo trials (for a whole day) is 
compared to the standard deviation of the 1000 samples of the 
parameters (obtained through the Monte Carlo analysis). The 
average standard uncertainty difference in percent for each 
parameter (series conductance, series susceptance) is calculated 
for a whole day as, 

1001(%)
1

×
−

= ∑
−

N

l
l
p

l
p

l
p

s

su

N
differencestdaver  (28) 

where, l
pu is the standard uncertainty of each line parameter 

calculated through (22), l
ps  is the standard deviation of each 

line parameter calculated from 1000 samples, and N is the 
number of time instants over one day that the parameters are 
calculated (in this work 720).  Table V tabulates the mean value 
(over the number of lines in the system) of the standard 
deviation difference in percent for the series conductance and 
susceptance (for the three different accuracy classes). As it is 
shown in Table V, the standard uncertainty calculated through 
the uncertainty propagation law approximates the sample 
variance of the two types of parameters, since their percent 
difference is relatively small. In particular, this is more evident 
in the case of series susceptance where the largest percentage 
standard deviation difference is 2.5%. The percentage standard 
deviation difference of the conductance is larger than the one of 
the susceptance but still in acceptable limits to conclude that the 
uncertainty propagation law could be applied for the calculation 
of the uncertainty of the line parameters. 
 

  TABLE IV 
NUMBER OF TIME INSTANTS THAT PARAMETERS ARE OUTSIDE THE 

CALCULATED BOUNDS IN 1000 MONTE CARLO TRIALS  

Instrument transformer 
accuracy class  

Number of time 
instants that the 
parameters are 

outside the calculated 
bounds 

Percentage of time 
instants outside the 

bounds 
(%) 

0.5 1230 0.004 

0.2 266 0.001 

0.1 4 0.00001 
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TABLE V 
AVERAGE STANDARD UNCERTAINTY DIFFERENCE   

Instrument transformer 
accuracy class  

Series conductance (gsr) 
(%) 

Series susceptance (bsr) 
(%) 

0.1 28.3 2.5 
0.2 24.9 1.7 
0.5 19.8 2 

 

1. Validation of the calculated bounds in case that the 
measurement errors do not follow a uniform distribution 

In the real field, the distribution of the measurement errors is 
not known, while it is likely that their distribution is not 
uniform. In this case study, the calculated bounds are calculated 
by assuming that the measurement errors follow a uniform 
distribution as it is shown in Section III, however the PMU 
measurements are generated by introducing measurement 
errors from a quadratic U-distribution. The aim of this case 
study is to examine whether the calculated bounds enclose a 
large portion of the calculated line parameters from a Monte 
Carlo analysis (1000 trials) even if the error associated to the 
PMU measurements does not follow the assumed uniform 
distribution. The time instances that the calculated line 
parameters are out of the calculated bounds are also used as an 
evaluation metric. As it is shown in Table VI, the percentage of 
the time instants that the calculated line parameters lie outside 
the calculated bounds is increased for the three accuracy classes 
(comparing to Table IV), however it is still quite low. In 
particular, the percentage of time instants that are outside of the 
bounds in the case of the 0.5 accuracy class transformer is the 
larger one and equal to 0.035% (9850 over 28x106 instants). 
This is because larger uncertainty is introduced to the 
measurement and consequently the uncertainty of the calculated 
line parameters is larger. However, the proposed analytical 
expressions still provide representative bounds for any of the 
three different accuracy class transformers, enclosing almost all 
the time instants where the line parameters are calculated (in 
1000 trials), even if the measurement error distribution differs 
from the assumed one.  
 

TABLE VI 
NUMBER OF TIME INSTANTS THAT PARAMETERS ARE OUTSIDE THE 

CALCULATED BOUNDS IN 1000 MONTE CARLO TRIALS (U DISTRIBUTION)  
Instrument 
transformer 

accuracy class  

Number of time instants that 
the parameters are outside 

the calculated bounds 

Percentage of time instants 
outside the bounds 

(%) 

0.5 9850 0.034 

0.2 1238 0.004 

0.1 660 0.002 

  

C. Importance of knowing the bounds of the calculated line 
parameters 

The knowledge of the bounds of the calculated line 
parameters can be used for updating the settings of the distance 
relays that are used for the protection of the system in case of 
faults [14]. Furthermore, the bounds of the calculated 
parameters can be used for enhancing the situational awareness 
of the power system operators by using them in power system 
security analysis. In such analysis, the power system operators 

check if the system will operate within the admissible limits in 
case of a contingency or increased power demand or transfer 
for one area to another. The P-V (Power-Voltage) curve is 
widely used for monitoring the voltage stability of the system 
in case of increased transfer of power from one area of the 
system to another. Actually, the P-V curve analysis comprises 
a series of power flow solutions for increasing power transfers 
and indicates the evolution of the voltages at the buses. 

The transmission line parameters will play a critical role in 
the outcomes of the P-V analysis due to the dependence of the 
analysis on the power flow solutions. In particular, since the P-
V analysis is a security analysis, it is important for the operators 
to know the worst scenarios that might lead the power system 
to instability. In such a case, it becomes useful to use the 
calculated upper and lower bounds of the transmission line 
parameters in order to monitor the evolvement of the system in 
the extreme cases that the calculated line parameters are in their 
bounds. This will provide valuable information to the power 
system operators regarding the stability of the system for 
increasing power transfers-for instance in the case of the peak 
loads.  

In order to illustrate the importance of using the transmission 
line parameter bounds in the P-V analysis, the calculated 
bounds for the IEEE 14-bus system (shown in Fig. 8) as they 
are obtained for the Monte Carlo analysis of the previous 
section are used. In this sense, two case studies were performed. 
In the first case study, for extracting the P-V curves, the line 
parameters having the values of the upper bounds of the 
transmission line parameters of the system have been used; in 
the second case the values of the lower bounds have been used. 
For the P-V analysis in both cases, the generator of bus 2 that 
has a generation capability of 160 MW, was assumed that 
covers the load increase at buses 2, 3, 4, and 5 of the IEEE 14-
bus system. The voltage magnitude resulting from the P-V 
analysis for bus 5 for the two case studies (upper and lower 
bounds) is shown in Fig. 9 for three different instrument 
transformer accuracy classes. 

 

     
Fig. 8. Single line diagram of IEEE 14-bus system 
   

As it is indicated in Fig. 9, the lower and upper bounds of the 
calculated line parameters can be used for defining the range of 
the voltage in the buses in case of power transfer. In this way, 
the power system operators can be aware of the upper and lower 
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limits of the voltage magnitude of the system given that the 
calculated line parameters used in the monitoring applications 
are characterized by an uncertainty. In other words, the study 
shows that in case that the generator of bus 2 needs to cover the 
load increase of loads 2, 3, 4, and 5 with its maximum 
generation output, the voltage limit of bus 5 is not violated 
(assuming voltage limits of 0.95 and 1.05 p.u.) even for the 
extreme line parameter bounds. Therefore, knowing the line 
parameter bounds, the operators can run such security analysis 
for ensuring the proper operation of the supervised network.  

Since the P-V analysis relies on the power flow solution, 
there is a direct dependency on the line parameter values. This 
implies that if the actual line parameter values are between the 
uncertainty bounds that are calculated through the proposed 
methodology, the corresponding P-V curves will be translated 
into a family of curves bounded by the lower and upper limits 
that are shown in Fig. 9. In order to indicate such a case, for the 
same scenario as depicted in Fig. 9, the P-V curves of bus 4 for 
the lower and upper bounds of the line parameters (calculated 
for the 0.2 accuracy class instrument transformers), as well as 
the P-V curve extracted with the nominal parameter of the 
system, are shown in Fig. 10. As it is illustrated in Fig. 10, the 
P-V curve of the nominal line parameters lies between the P-V 
curves obtained from applying the upper and lower bounds of 
the line parameters. This indicates that using the upper and 
lower bounds of the line parameters in security analysis, the 
operators can have a visualization of the extreme values of the 
voltage magnitude of the buses. It is worth mentioning that this 
conclusion can be generalized for all the buses of the system.  

Furthermore, through the P-V curves of the lower and upper 
bounds, the situational awareness of the system operator is 
enhanced considerably. For instance, in the case that generator 
2 operates at 160 MW to serve loads 2, 3, 4, and 5, the PV 
curves of the bounds show that the voltage of bus 4 given the 
calculated line parameters from the PMU measurements (and 
0.2 accuracy class instrument transformers) could be 
approximately between 0.97 and 1.01 p.u. This ensures that bus 
4 will remain within the admissible limits (0.95-1.05) whatever 
the error in the calculated line parameter is, and at the same time 
keeps aware the operators that a further increase of the loads in 
that area could lead bus 4 to a voltage limit violation (given that 
the lower bound is closer to 0.95 p.u. 

 

 
Fig. 9. P-V curve of bus 5  

 

 
Fig. 10. P-V curves of bus 4 

V. CONCLUSIONS 
In this paper the analytical calculation of the uncertainty of 

the line parameters estimated from PMU measurements is 
presented considering the random errors of a simplified 
measurement chain (both the instrument transformers and the 
PMU). The calculated combined uncertainties are used for 
defining the bounds of the line parameters when they are 
calculated from PMU measurements. These bounds can be used 
for enhancing the situational awareness of the power system 
operators when they perform security analysis. It is further 
shown through the Monte Carlo analysis that the calculated line 
parameter bounds encompass the calculated line parameters. 
This indicates the validity of the analytical expressions of the 
parameter uncertainty that are derived in this paper.  

In practice, a measurement chain contains several other 
components either between the PMU and instrument 
transformer, or between the substation and the control center 
where the measurements are used (i.e., communication 
protocols, phasor data concentrators, communication links, 
etc). However, the latter will not impact the estimation of the 
line parameter since measurements are time tagged, while the 
same reporting rate of the PMUs is assumed in this work. 
Therefore, data aggregation procedures or communication 
delays will not impact the parameter calculation. The 
components in the measurement chain that could exist between 
the PMUs and the instrument transformers might introduce an 
additional uncertainty to the measurements, which is not 
considered in this work. It should be noted that for several 
components of the measurement chain, the quantification of 
their uncertainty is almost infeasible. For this work, the 
consideration of the additional uncertainty (from other 
components that were not considered in the measurement 
chain) can be achieved by increasing the coverage factor that is 
used for calculating the expanded uncertainty of the line 
parameters and consequently increasing the calculated 
parameter bounds interval.   

APPENDIX 
 According to (22) the uncertainties of the calculated line 
parameters can be derived by determining the partial 
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derivatives of the equations used for the calculation of the 
parameters over the PMU measurements. Following are the 
partial derivatives of (3)-(5) for calculating the combined 
uncertainties of the series conductance (gsr), the series 
susceptance (bsr), and the shunt susceptance (bsh).  

The partial derivatives of the series conductance can be 
calculated as: 
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where srNg , srDg are the numerator and denominator of (3) that 
is used for calculating the series conductance. 

The partial derivatives for the series susceptance can be 
calculated as: 
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where, 
srbN , 

srbD are the numerator and denominator of (4) 
that is used for calculating the series susceptance. 

The partial derivatives of the shunt susceptance can be 
calculated as: 
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where
shbN , 

shbD  are the numerator and the denominator of (5) 
that is used for calculating the shunt susceptance. 
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